
A s  has been Tiointsd out  fn rcstinzs t r j tb  A-QSC I - --l persomel,  

there is a natural. relation bettreen Ihrfcov chains, matrix t>eory, 

mil gragh theory. 

of the theory of f f n i t e  krkov chains f rou  linea? aLge7-.-:, &.-eo9 

the t!?eory of f in i t e  @)atriceso 

new, Imving been used by &le? in the solutfon of t h e  f%-:ous 

"&ic!?eo of E;duligsborF:" problez, 

applications of the theory in 1926, 

the  precedLv- decade has the subj~ct I?ecun t o  receive widespread 

i n t e x s t ,  an0 the f i e l d  is yet but i zpevfwt ly  ex40rcZ11 

hdeei],  &ntr-.ac?icr 111 derives mmy results 

"he theory of graphs I s  iiriPdly 

i~&ig [2 1 presented adei t imal  

iknrwer only fn th1.s and 
.- 

t r a c h f :  of the above-nentianed derivation of %ntrac1xr adcing 

use of graT)h-thxvcttc mcthoc?s, a i d  carrytiny out siieh extensions 

01' this d ~ ~ i t ~ ~ t i ~ f i  as are of intercst in the theory aj.fr" f i n i t e  

L . ~ - P ~ : O V  c;?-air:s, 

of the r c d u c i b i h f t y  atd inprimltfvi t :?  of xatrices of large orcler,, 

A secun6 ohjectivc, tfpe permitting, sr%1L be an c t t m p t  to a p l y  

the theory af tn-t inite rxtrices anc? grapks to the study of 

inffnllte h P k a v  c!mifise 

chartrctcr of this second objactfvr- OR r o c a l l f i g  that vkereno 

the finfte satr%x is of interest t o  linesr algebra, the study 

of infinitc natrices belongs to -Lho Ziseipllnc of arvralysis, and 

that tho theory of :i,rlfinite manhs fs m amneck nf  tnnnlnrrv, 

.- 
done attention will be Fiven to the questfon 

Tho rozden v f l l  apmociata the  ditffereat 



I -  *- 

%e naterial containe6 In the present report concludes the 

presentation of the  basic aspects of %rkov chains. An oral 

presentation is planned f m  jepter.ibero 

In order to study the s u m  of bclepezldent ratdon variable 

as Ikrkov chahs, ve introduce the functions 

vherc fay convenience we taka 

T 0 
The state k is called a taboo state,  and t:.o probabilities 

Introduce6 here are called tab30 tmmsftion probcbilitiese 

veryal interpretat lon is obviousa l*ioreover, it is easily seen 



3 



bc arbitrary states such that j is 



Clearly 
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t o  0b-b the result, 

m: If &+ we defbe  the  3povo'8 

1 if the process starting in state 2 
fs ia state j after n steps vfthout 
hav3ng been in state i Zn the in te rh  

0 Othemdse 
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%us it follaws fran the thsoren that ipi$* is the  expoctsd 

number of visits t o  sta te  3 betwen successive v l s i t s  to state I,, 

&iUU If 1 and 3 belong t o  the same recurrent class, 

It is easily verified ttrat 

~bca3.l. the 

-8 In 8 paoitlve recurrent periodic class l a t h  states 



8 
An tmmediate eonsequence 'of this  18 the * ~ : In an irreaucible posittve recurrent class wZth 

states 0, 1, 2,... the stationary distahbution jdx& 
constitutes a convergent positive solution to the systm of 

oq 

The series on the left l s  absolutely and uniformly convergent 

* Since X i  f o  far some 2 4~.d ,t /$/e 00 ft fallarm that 4#0, d.%, Z p o  

so that  is positive recurrento 
1 TO 



9 
-8 For a recurrent. irreducible I4.cm the positive sequaace 

-re I t  remains t o  show the cavergerrree of the double series 

on the rtghto 



, 

The repeated serfss on tlze right I s  convergent ( t o  ak) and, since 

it has only non-negative terms, is absolutefy convergento 

Intercbnging the orders of swnomatian gfves 



u 
and, by repeated applications of this argument, t ~ 8  obtain 

is a positive solution 
Db 

and that this solutfan is uniqueo 

I 





%I have next t o  sherw that a is an r-regular vector relative 

80 that we have only t o  shm tbat the interchange of the lbit 

and armrmertion is permitted. k have that 



now -pose that 

%en it f o l l a t s  that 

b 
a .  



##. = and set 

arbitrary, 0 

VL, Y 

converse, assume the chaln is nonreewrent 

so that u I s  r-superregular. b w  suppose that u i s  a constant 

vector, $.e,* that % = f i b  -$ = i V j . , t  Then 

which contradfots tho as&tion of nonrecurrmces 

,ba.l.ams Fgr a recurrent irreducible k r k o v  chain, the system 

seen that vl *+f is a solution of (1) vtth 3 
Ma trhich satisfies (21, Let . 



and the procass Q is a lso  ramrent and irreducfble, 

1, a 
is r-superregular relative t 8 ,  and, by the 

previous thaorem, is conatante siincs co = J, = vo we conclude 

that ci = lrt. 

ms property is easily seen t o  hold fm the n-st,q t m n s l t i m  

grobabtlities also, ioeo9 
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% the spattal homogeneity o f  the I-step transition probaBilities, 

'&e result may nuw be established easily 0 y  inauotlm. 

so that f t  suffices to prove 





since€:,~ may be we h m 8  shown that 
I 

*+?#a Ad$"= 00 - e i 

Le., the sta te  zero, and Iienoe the clminf %I, is recurrent. 

txtth c bewg the m a t  that cn occurs for @ m a y  n 
zation of t he  process for vhich n+co n = A  

belong to the event c, 
$n fCf = Oo %ce the event bsplios the event ci so 

Any reali- 
& f %  obviously does not 

&t then, by the law of large numberso 

& GG CC, 



1 
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tlza t 

8 If x is an integer-valued randm hznctian and 

pr f x = ~ I  =p ttxm the characteristic m a t i o n  of x is 
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%e general result now f o l l m m  trivfally by inductions a 

'&en the abme le- m y  bo used to deduce the 
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80 
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